Abstract. Let U be a horospherical subgroup of a noncompact simple Lie group H and let A be a maximal split torus in the normalizer of U . We define the expanding cone AÙ in A with respect to U and show that it can be explicitly calculated. We prove several dynamical results of translation of U -slice by elements of AÙ on finite volume homogeneous space G{Γ where G is a Lie group containing H. More precisely, we prove quantitative nonescape of mass and equidistribution of U -slice. If H is a normal subgroup of G and the H action on G{Γ has a spectral gap we prove effective k-equidistribution of U -slice and pointwise equidistribution for one parameter semi-flow in AÙ with an error rate. These results were only known before in special cases such as the space of unimodular lattices in Euclidean space. In the paper we formulate the notion of expanding cone and prove dynamical results above in more general setting where H is a semisimple Lie group without compact factors.
Introduction
Let H be a connected semisimple Lie group without compact factors. Let U be the unipotent radical of an absolutely proper parabolic subgroup P of H, where absolutely proper means the projection of P to each simple factor of H is not surjective. Let A be a maximal connected Ad-diagonalizable subgroup of P , i.e. the image of A under the adjoint representation is diagonal under some basis of the Lie algebra of H and A is maximal among all connected subgroups of P with this property. In this paper we define the concept of expanding cone (denoted by AÙ ) in A associated to U and prove some dynamical results for its translation of U -slice (a piece of U -orbit) on finite volume homogeneous space G{Γ where G is a Lie group containing H and Γ is a lattice (discrete subgroup of G with finite covolume).
The expanding cone is a generalization of the following example (see §2.3 for the proof) which is often used in homogeneous dynamics due to its close connection to metric number theory, see e.g. [13] The expanding cone allows us to generalize several dynamical results in the setting of Example 1.1 to general homogeneous spaces. In this paper we prove quantitative nonesape of mass, equidistribution of translates of U -slice, effective k-equidistribution of smooth U -slice and pointwise equidistribution with an error rate.
1.1. Expanding cone. Let ρ : H Ñ GLpV q be a representation of H on a finite dimensional real vector space V . We say pρ, V q is irreducible if t0u and V are the only H-invariant subspaces. For every a P A we can write
where Và , V 0 a , Vá are the sum of eigenspaces of ρpaq with eigenvalues ą, ", ă 1 respectively. Following [29] we say U is a-expanding 1 for some a P A if for every nontrivial irreducible representation pρ, V q of H the subspace
is contained in Và . The expanding cone of U in A is defined to be AÙ " ta P A : U is a-expandingu.
(1.2)
Let h and u be the Lie algebras of H and U respectively. We will show in Theorem 1.2 that the expanding cone AÙ only depends on the Lie algebras h, u and it can be described explicitly. To do this we need to introduce some notation related to Lie algebras. Let a be the Lie algebra of A and let a˚be the dual vector space of a. Let Φ " Φph, aq Ă a˚be the relative root system of h and let Φpuq be the subset of roots in the adjoint representation on u. Recall that the Killing form Bp¨,¨q is positive definite on a, so for each α P a˚we can associate an s α P a by Bps α , sq " αpsq for every s P a. By this isomorphism we can associate to Φpuq the following open and convex cone in a:
aù :" Let exp : a Ñ A be the usual exponential map which is an isomorphism from the additive group a to A. Theorem 1.2. The expanding cone AÙ " exp aù :" texp s : s P aù u.
There are possible refinements of the expanding cone which we will not deal with in this paper: one can define expanding cone in any Ad-diagonalizable group which normalizes an Ad-unipotent subgroup; or one can define expanding cone with respect to a fixed representation of H. These generalisations may also have applications in homogeneous dynamics.
Quantitative nonescape of mass.
In the setting of Example 1.1, quantitative nonescape of mass for AÙ action on H{SL m`n pZq was first studied by Kleinbock and Margulis [15] . Apart from its applications in metric number theory, it is a useful tool while studying equidistribution of measures on homogeneous spaces with respect to the action of diagonal elements. There are various generalizations of [15] and most of them are in the setting of Example 1.1, see e.g. [13] , [18] and [9] . Using the expanding cone we establish quantitative nonescape of mass on general homogeneous spaces for U -slices.
In this paper, besides compatible group structure and manifold structure we assume the Lie group G has two more structures, namely, a right Haar measure µ G and a right invariant Riemannian structure which induces a right invariant metric d G . Different choices of these two structures will only affect some constants so we may assume additional compatibility among several groups if needed. We use B G r to denote the open ball of radius r in G centered at the identity element 1 G . For a lattice Γ of G we use d X to denote the induced metric on X " G{Γ defined by
For every x P X we let π x : G Ñ X be the map defined by g Ñ gx. The injectivity radius at x P X is defined by can be thought of the ε-neighborhood of 8 in X. The following simple observation may justify this point of view: a sequence tx i u iPN in X diverges if and only if for any ε ą 0 one has x i R Inj X ε for i sufficiently large. Theorem 1.3. Let H be a subgroup of a connected semisimple Lie group G and let Γ be a lattice of G. There exists δ " δpG, Γ, Hq ą 0 such that for every compact subset L of X " G{Γ, for every a P AÙ , x P L and r ą 0 one has
As usual the relation f 1 !˚f 2 for two nonnegative functions means f 1 ! Mf 2 for some constant M ą 0 depending possibly on variables in the set˚. In this paper the dependence of implied constants on metric or Haar measure of Lie groups will not be specified. Theorem 1.3 is an important ingredient for effective k-equidistribution in §1. 4 .
It is interesting to extend Theorem 1.3 to more general classes of measures on U such as friendly measures of [13] in the setting of Example 1.1. Although Theorem 1.3 looks restrictive due to the assumption that G is connected and semisimple, it actually answers quantitative nonescape of mass for arbitrary Lie group S and lattice Λ in S. It is not hard to see that if S is not connected, the quantitative nonescape of mass can be reduced to that of S˝{S˝X Λ. Here and hereafter S˝denotes the connected component of the identity of the Lie group. Suppose S is connected, then it follows from [1, Lemma 6.1] that there is a closed normal amenable subgroup R of S such that S{R is a semisimple Lie group without compact factors, R{Λ X R is compact and πpΛq is a lattice of S{R where π : S Ñ S{R is the quotient map. Therefore we finally can reduce quantitative nonescape of mass to the setting of Theorem 1.3.
1.3.
Translates of U -slice by elements of AÙ . Let Γ be a lattice of a Lie group G containing H and let X " G{Γ. For every x P X it follows from Ratner's theorem [24] , which was conjectured by Raghunathan, 
Certain cases of Theorem 1.4 were obtained earlier by Mohammadi and Salehi-Golsefidy [22] . More precisely, for H " HpRq˝where H is a simply connected and Q-simple algebraic group, [22] proves Theorem 1.4 in the case where G " H, Γ " HpZqXH, U is the unipotent radical of a minimal parabolic subgroup subgroup defined over Q, x P X with U x closed and a i pi P Nq belong to a maximal Q-split torus. We will explain how Theorem 1.4 applies to this case in §2.4.
Our proof of Theorem 1.4 which is given at the end of §2.2 is based on the property of the expanding cone and Shah-Weiss [28, Theorem 1.4]. The main new point here is that our cone AÙ is global (not depending on the adjoint representation of H on the Lie algebra of G) and is explicitly described.
If we assume in addition that the conjugation of a i pi P Nq expands a horospherical subgroup of H contained in U , then we can make (1.6) effecitive. This will be the topic of §1.4. The properties of expanding cones are used in different ways in effective and ineffective results. The proof of Theorem 1.4 uses Ratner's theorem on measure classification of U -invariant probability measures and the expanding cone helps us to avoid other U -invariant and ergodic probability measures in the limit. While in the effective case the rate of convergence comes from the spectral gap and the expanding cone is only used to control the behaviour of the measure near the cusp through quantitative nonescape of mass in Theorem 1.3.
Effective equidistributions.
Suppose H is a normal subgroup of a connected semisimple Lie group G. Let Γ be a lattice of G and µ X be the probability Haar measure on X " G{Γ. We assume that the action of H on X has a spectral gap, i.e. trivial unitary representation of H is not weakly contained in L 2 0 pXq :" tψ P L 2 pXq :
In the case where Γ is irreducible, if G has no compact factors or Γ is arithmetic, then the action of H on X has a spectral gap. In general one can write G as an almost direct product of normal subgroups G 1¨¨¨Gk such that Γ X G i is an irreducible lattice of G i and check spectral gap for each action of pH X G i qő n the quotient G i {Γ X G i . The aim of this section is to give an effective estimate of the integral
Let tb t : t P Ru be a one parameter subgroup of A such that the projection of b " b 1 to each simple factor of H is not the identity element and the unstable horospherical subgroup of b Hb :" th P H : b´nhb n Ñ 1 H as n Ñ 8u ď U.
In particular this implies that the positive ray tb t : t ą 0u is contained in AÙ (see [25, Lemma 5.2] ). For a P AÙ and a as in (1.8) we set
In the definition of (1.9) if the set before taking supremum is empty we interpret tau " 0. 
Sometimes it is useful to know the explicit dependence of M on Ψ and k. We will make this calculation during the proof in §4.3. We only get nontrivial estimates in Theorem 1.5 when all the a i p1 ď i ď kq belong to ta P AÙ : Hb ď Hà u which is a nonempty open cone (since b P AÙ ). We will highlight how this assumption is used in the proof.
It follows from the structure theory of parabolic subgroups of H that Hb is the unipotent radical of a parabolic subgroup containing P and there are only finitely many of them. Although given a parabolic subgroup P 0 ě P there might be many choices of tb t u such that the unipotent radical of P 0 is equal to Hb , different choices will only affect the exponent δ in Theorem 1. Here we briefly explain the ideas involved in the proof which is due to Kleinbock-Margulis [16] . We chop U -slice into pieces of Hb -slices and for most Hb -slices which is not far away in the cusp we use thickening method and spectral gap to get a rate. Using the assumption that a i P AÙ we can apply quantitative nonescape of mass in Theorem 1.3 to control effectively the total pieces of Hb -slices possibly far away in the cusp.
In a recent paper of Dabbs, Kelly and Li [8] , it is noticed that when k " 1 and f is the characteristic function of a fundamental domain of a periodic orbit U x 1 , then there are still nontrivial estimates without assuming Hb ď Hà there exists M " MpL, ψq ą 0 such that for any x P L with U x periodic and a P AÙ one hašˇˇˇż
where F Ă U is a fundamental domain of the periodic orbit U x and
We will give explicit dependence of M on ψ in the proof. It is not known whether there are effective estimates or not in the setting of Theorem 1.6 for k ě 2. But the current method have obvious obstructions which we will explain in the proof.
As an application of effective double equidistribution (the case where k " 2) we obtain the following result which gives an error rate of pointwise equidistribution.
Corollary 1.7. Let the notation and assumptions be as in Theorem 1.5. Let
The notation f 2 pT q " opf 1 pTmeans lim T Ñ8 
Properties of Expanding cone
In this section we discuss several properties of expanding cones. We prove Theorem 1.2 in §2.1. After that in §2.2 we prove some properties of the expanding cone including the characterization of a sequence drifting away from walls, which will lead to the proof of Theorem 1.4. In §2.3 we show that the cone in Example 1.1 is the expanding cone. In the last section we show that the intersection of the expanding cone with a maximal Q-split torus is the same as some cones considered in [22] .
Let the notation be as in §1.1. In particular, H is a connected semisimple Lie group without compact factors, U is the unipotent radical of an absolutely proper parabolic subgroup P of H, A is a maximal connected Addiagonalizable subgroup in P . We introduce more notations in §2.1, which will also be used in later sections.
Explicit description.
Recall that Φ " Φph, aq is the relative root system of the Lie algebra h. For every α P Φ let h α be the root space of α, i.e.
h α " tv P h : rs, vs " αpsqv for all s P au.
We fix sets of positive and simple roots Φ`and Π respectively so that P is a standard parabolic subgroup. Let p be the Lie algebra of P and let p " l p ' u be the Levi decomposition such that l p is normalized by a. There is a subset I of Π such that
where Φ I " Φ X span R I (here and hereafter span F denotes the linear span over the field F of a set). Let u´be the unipotent radical of the opposite parabolic subalgebra p´of p. Since we assume U is the unipotent radical of an absolutely proper parabolic subgroup P , the Lie algebra generated by u and u´is h. Also, the R-linear span of ts α : α P Φpuqu is equal to a˚. Recall that for each α P a˚we associate s α P a via the Killing form Bp¨,¨q. Let x¨,¨y be the inner product on a˚defined by xα, βy " Bps α , s β q.
Epimorphic subgroups were studied earlier by Bien and Borel [3] . A closed subgroup S of H is said to be epimorphic if for every representation pρ, V q of H one has V S " V H . In this paper all the representations of Lie groups and Lie algebras are on real vector spaces. The Lie group representation induces a Lie algebra representation on V and we still use ρ to denote the corresponding Lie algebra representation h Ñ glpV q. Let s be the Lie algebra of S. It can be checked directly that if S is connected then V S is equal to the set of s annihilated elements
We say s is an epimorphic subalgebra of h if for every representation pρ, V q of h one has V h " V s . It is easy to see that a connected and closed subgroup S of H is epimorphic if and only if its Lie algebra s is epimorphic.
Lemma 2.1. a ' u is an epimorphic subalgebra of h.
Proof. Let pρ, V q be a representation of h and v P V a'u . Let α P Φpuq and u´P h´α with u´‰ 0. By [20, Proposition 6.52] there exists u P u and s P a such that ps, u, u´q is an sl 2 triple, i.e. rs, us " 2u, rs, u´s " 2u´, ru, u´s " s. Since v is annihilated by s and u, the representation theory of sl 2 (see e.g. [20, §I.9] ) implies that v is also annihilated by u´. Therefore, v is annihilated by u´. Since ts P h : ρpsqv " 0u is a subalgebra and the Lie algebra generated by u and u´is h, one has v is annihilated by h.
For β P a˚the subspace of weight β in a representation pρ, V q of h is V β :" tv P V : ρpsqv " βpsqv for every s P au.
The set of weights ∆ consists of β P a˚such that V β ‰ t0u for some representation V of h. Note that ∆ is a lattice of a˚and ∆ " tβ P a˚: 2xβ, αy{xα, αy P Z for every α P Φu, (2.2) see [5, Proposition 4.3] . By (2.2) and standard arguments of Lie algebras (e.g. the proof of [20, Proposition 4 .62]) one has ∆ " tβ P a˚: 2xβ, αy{xα, αy P Z for every α P Π 1 u, where Π 1 " tα : α P Π but 2α R Φu Y t2α : α P Π and 2α P Φu.
Let S be a nonempty subset of a real vector space V . The dual cone of S is defined to be S ‹ " tϕ P V˚: ϕpvq ě 0 for every v P Su.
We will consider the dual cone either for V " a or V " a˚where in the latter case we identify pa˚q˚with a in the natural way. Proof. It follows from the definition of C in (2.3) that βps α q ě 0 for all α P Φpuq. Since β ‰ 0 one has βps α q ą 0 for some α P Φpuq. Note that every element of aù is a positive linear combination of s α pα P Φpuqq, so βpsq ą 0 for all s P aù .
Lemma 2.4.
There exists a finite set C Ă C X p∆zt0uq such that
Proof. Using the theory of convex polyhedral cones (see e.g. [30, Chapter 1] ) it can be shown that there exists a finite set C of span Q ∆zt0u such that aù " ts P a : βpsq ě 0 for all β P Cu. (2.5) It follows directly from the definition of C in (2.3) that C Ă C. Moreover, by possibly replacing C by its integral multiples one can take C Ă ∆zt0u.
It follows from Lemma 2.2 that aù is the interior of aù . So (2.5) implies ts P a : βpsq ą 0 for all β P Cu Ă aù .
The reverse inclusion follows from Lemma 2.3.
Proof. First we show that β P C. Suppose α P Φpuq and u P h α is a nonzero element. It follows from [20, Proposition 6.52] that there exists u´P u´such that ps 0 " 2s α {xα, αy, u, u´q is an sl 2 -triple. Note that
is the eigenvalue of ρps 0 q and elements of V β are eigenvectors of it. Let v P V β X V u be a nonzero vector. Since v is annihilated by u, it is a highest weight vector for representations of sl 2 . Therefore, βps 0 q ě 0. This and (2.6) imply xβ, αy ě 0. Since α is an arbitrary element of Φpuq we have β P C.
Next we show β ‰ 0. Assume the contrary, that is V β is annihilated by a ' u. By Lemma 2.1, a ' u is an epimorphic subalgebra of h, so V β Ă V h . This contradicts the assumption that pρ, V q is a nontrivial irreducible representation of h and hence β ‰ 0.
The converse of Lemma 2.5 is also true. Let W be the Weyl group of the root system Φ. For every α P Φ we let w α P W be the orthogonal reflection with respect to α. Let I be the subset of Π determined by p as in (2.1). Let W I be the subgroup of W generated by w α pα P Iq. Proof. Recall that w α pα 1 q " α 1´2 xα,α 1 y xα,αy α, from which it is easy to see that w α pα P Iq and hence W I leaves Φpuq and span R I invariant. Let β I be the orthogonal projection of β to span R I. Note that Φ I is a relative root system in span R I with Weyl group W I and the restriction of x, y to span R I is an inner product invariant under W I . Since Weyl group acts transitively on closed Weyl Chambers, there is w P W I such that xwβ I , αy ě 0 for every α P ΦÌ where ΦÌ " Φ I X Φ`.
We claim that wβ is dominant with respect to Φ`. First for α P I one has xwβ, αy " xwβ I , αy ě 0, since β´β I is orthogonal to span R I. If α P ΠzI then α P Φpuq. In this case xwβ, αy " xβ, w´1αy ě 0, since w´1 leaves Φpuq invariant and β P C. Let t be a maximal abelian subalgebra containing a in Z h paq :" th P h : rh, ss " 0 @s P au.
The Lie algebra t b C is a Cartan subalgebra of h b C and there is a positive system of the root system Φph b C, t b Cq such that Φ`is the the restrictions of it. Recall that we can write t " c ' a such that all the weights of h b C are real on ic ' a. Since we assume β P ∆, there is a representation V First, we assume a P AÙ and prove that s P aù . By (2.4) it suffices to show βpsq ą 0 for all β P C. It follows from Lemma 2.6 that there is m P N and a nontrivial irreducible representation pρ, V q of h with highest weight λ such that mβ P Conversely, we assume s P aù and prove that a P AÙ . Let pρ, V q be a nontrivial irreducible representation of H. Suppose β is a weight in V with V β XV u ‰ t0u. It follows from Lemma 2.5 that β P Czt0u. According to Lemma 2.3 and the assumption s P aù , one has βpsq ą 0. This implies that V β Ă Và . Note that V u " V U and this space is A-invariant. Therefore V U Ă Và . By the definition of AÙ one has a P AÙ .
Some properties.
We prove more properties of the expanding cone AÙ . Although we may not use all of these facts in this paper, we think they have their own interests and will help the reader understand this concept. We identify h with the space of trace zero matrices of rank m`n. Then a is the space of diagonal matrices in h, i.e.
a " ts " diagpt 1 , . . . , t m`n q :
For 1 ď i ď m`n we let e i P pR m`n q˚be the element which maps every vector to its i-th component. Then the space t ř t i e i : ř t i " 0u can be identified with a˚. We take
Using the notation of (2.1), the group U in Example 1.1 is the unipotent radical of the parabolic group given by I " te m´em´1 u. For α " e i´ej , the associated element s α P a is the diagonal matrix with entries zero except at i-th diagonal entry which is So the cone in Example 1.1 is equal to exp aù which is the expanding cone of U according to Theorem 1.2.
Intersection of expanding cone with a subtorus.
In this section we show that the cone considered in [22] for minimal Q-parabolic subgroup is the intersection of the expanding cone defined in this paper with the corresponding Q-split torus. We first set H, A, U in the framework of [22] . We assume that H " HpRqw here H is a Zariski connected semisimple algebraic group defined over Q. For simplicity we assume H is Q-simple and simply connected. Let A be the Zariski closure of A in H. We assume that A is defined over Q, A contains a maximal Q-split torus A 0 and P " PpRq where P is a minimal parabolic subgroup over Q.
Let A 0 " A 0 pRq˝, a 0 " LiepA 0 q and r : a˚Ñ a0 be the restriction map. Recall that (see [4, §21.8 
])
Φ 0 " trpαq : α P Φ, rpαq ‰ 0u is a relative root system and Φ0 " Φ 0 X rpΦ`q is a positive system with the set of simple roots Π 0 " Φ 0 X rpΠq.
The Weyl group W of Φ acts orthogonally on a˚and it induces an orthogonal action on a via wps α q " s wα with respect to the Killing form. Let W 0 be the restriction of tw P W : wa 0 " a 0 u to a 0 . The restriction of the Killing form B on a 0 is an inner product invariant under W 0 . For every α 0 P a0 we let s α 0 P a 0 be the element determined by Bps α 0 , sq " α 0 psq for all s P a 0 . Let W 0 acts on a0 by s wpα 0 q " ws α 0 for α 0 P a0. Proof. Let A 1 be the maximal Q-anisotropic torus of A and let a 1 be the Lie algebra of A 1 :" A 1 pRq˝. Then A " A 0 A 1 is a direct product and a " a 0 ' a 1 is an orthogonal decomposition with respect to the Killing form, see [4, Proposition 8.15] . For all α P Φ the element s rpαq is the orthogonal projection of s α on a 0 . Let λ 0 P a0 be a nonzero dominant weight with respect to Φ0 and let λ P a˚be the extension of λ 0 by taking λpa 1 q " t0u. Then λ is dominant with respect to Φ`, and in particular λ P C which is defined in (2.3). Therefore for all s P aù X a 0 one has λ 0 psq " λpsq ą 0 by Lemma 2.3. Hence aù X a 0 Ă a0 ,u .
Let k be a finite extension of Q in R such that A is k-split. The group Galpk{Qq acts naturally on Φ and hence on V " span Q Φ. Note that rpσpαqq " rpαq for all α P V and σ P Galpk{Qq. Also, α P V vanishes on a 1 if and only if σpαq " α for all σ P Gal pk{Qq. It follows from the above two observations that for α 0 P Φ0
where m is a positive integer and α 1 0 P a˚is the extension of α 0 by taking α 1 0 pa 1 q " t0u. Therefore
For the second assertion, we recall that the cone aù is a polyhedral cone with 0 as a vertex. Therefore the boundary of a0 ,u in a 0 is exactly the intersection of Baù with a 0 . The second assertion follows from the observation that a sequence of points in the polyhedral cone drift away from walls if and and only if the distance of the sequence to each hyperplane of the boundary goes to infinity (cf. Lemma 2.8).
As a special case of [22, Theorem 1(i)] it is proved that for every sequence ts i u Ă a0 ,u which drifts away from walls in a 0 one has (1.6) holds with a i " exp s i , G " H and Γ " HpZqXH. Since the sequence ts i u also drifts away from walls of aù in a by Proposition 2.10, Theorem 1.4 applies in this situation.
Quantitative nonescape of mass for AÙ translates of U -slice
In this section we prove Theorem 1.3. Recall that H is a subgroup of a connected semisimple Lie group G, Γ is a lattice of G and X " G{Γ.
Let u be the Lie algebra of U and we give u an inner product structure such that the corresponding Lebesgue measure µ u is mapped to the Haar measure µ U through the exponential map, see [ Since we allow the implied constant in (1.5) depends on r we can work with pu, µ u q instead of pU, µ U q.
Arithmetic quotient.
Lemma 3.1. Let V be a real vector space with norm }¨} and let ρ : H Ñ GLpV q be a continuous homomorphism. For every r ą 0 there exists t ą 0 (depending on ρ, r and }¨}) such that for any a P AÙ and any v P V zt0u one has
Proof. We decompose V into the direct sum of H-invariant subspaces V 1 ' V 2 where H acts trivially on V 1 and H does not leave any nonzero vector invariant in V 2 . Since different norms on V are equivalent, we assume without loss of generality that }¨} is a Euclidean norm induced from an inner product with the following properties:
‚ V 1 and V 2 are orthogonal;
‚ there exists an orthonormal basis of V 2 under which ρpAq is diagonal.
Let π : V Ñ V U 2 be the orthogonal projection. Since V U 2 is A-invariant, one has ρpaqπ " πρpaq for all a P A. Since for a P AÙ the eigenvalues of ρpaq on V U 2 are all greater than or equal to 1, one has
We first show that
is positive. Let v P V 2 be a nonzero vector. We claim that there exists h P B U r such that πpρphqvq ‰ 0. Suppose the contrary, then the subspace V 1 2 generated by ρpU qv is orthogonal to V U 2 . By Engel's theorem for the nilpotent Lie algebra u acting on the space V 1 2 there exists a nonzero U -invariant vector
This contradiction proves the claim. Therefore for every v P V 2 there exists t v ą 0 and an open neighborhood N v of v in V 2 such that for every
Since tv P V 2 : }v} " 1u is compact one has t 1 ą 0. Let a P AÙ and v P V with }v} " 1. We write v " v 1`v2 according to the orthogonal decomposition V " V 1 ' V 2 and estimate
ρpaq and π commutes ě }v 1 }`}πpρphqv 2 q} by p3.3q.
By above inequality and (3.4) one has
Therefore (3.2) holds for t " mint1{2, t 1 {2u. Proof. Since different right invariant Riemannian structures on G 0 will induce equivalent metrics on G 0 and Y , we assume without loss of generality that the inclusion map G 0 Ñ SL n pRq is a Riemannian embedding. It follows that IpgΓ 0 , G 0 {Γ 0 q ě IpgSL n pZq, SL n pRq{SL n pZqq for all g P G 0 . So it suffices to prove the lemma in the case where L 0 " SL n pRq and Γ 0 " SL n pZq, which we will assume in the rest of the proof.
Recall that the Lebesgue measure on u is mapped to µ U by the exponential map and for any r ą 0 there exists ℓ ě 1 such that (3.1) holds. So it suffices to show that there exists δ ą 0 such that for any compact subset L of Y , any r, ε ą 0 and any
Let }¨} be the standard Euclidean norm on V " '
For ε ą 0 we let
By [16, Proposition 3.5 ] it suffices to show that there exists δ ą 0 such that for any compact subset L of Y , any r, ε ą 0 and any
(3.5)
For every nonzero v P V and a P AÙ we define the map ψ a,v : u Ñ R by ψ a,v puq " }ρpa exppuqqv}. Since ψ a,v puq 2 is a polynomial map with degree at most k where k is determined by ρ, [2, Lemma 3.2] implies ψ a,v puq is pC, αq-good on u where C, α ą 0 are positive constants depending only on ρ. Since L is compact, by Mahler's compactness criterion there exists t 0 ą 0 such that for any gΓ 0 P L and any nonzero pure tensor v P '
It follows from this observation and Lemma 3.1 that there exists t ą 0 depending on L such that for any 0 ď i ď n, any nonzero pure tensor v P We first recall a compactness criterion of Y due to Garland and Raghunathan [11] . Let g 0 be the Lie algebra of G 0 and let V " Ź k g 0 where k is the dimension of the unipotent radical U 0 of some proper parabolic subgroup of G 0 . We fix a nonzero element v 0 in the one dimensional subspace Ź k u 0 where u 0 is the Lie algebra of U 0 . The following version is taken from Kleinbock-Weiss [19] . Using (3.6) and Lemma 3.1, one can find a positive number t such that for any a P AP , gΓ 0 P L and
The existence of L 0 follows from (3.7) and (2) of Lemma 3.4.
Proof of Lemma 3.3 . If ρpHq consists only the identity element, then there is nothing to prove. If ρpHq is nontrivial, then it follows from the definition of expanding cone that ρpAÙ q is the expanding cone of ρpU q in ρpHq. By possibly replacing H by ρpHq we assume without loss of generality that H is a subgroup of G 0 . Let ta t : t P Ru be the one parameter subgroup of G 0 such that AÙ " ta t : t ą 0u.
According to Lemma 3.5 there exits ε 0 ą 0 depending on L such that for any y P L and any t ě 0 there exists h y,t P B Therefore it suffices to show that there exists δ ą 0 such that for any ε 0 ą 0, y P Inj ε 0 , t ě 0 and r, ε ą 0
In view of the comments at the beginning of §3, it suffices to show that there exists δ ą 0 such that for any ε 0 ą 0, y P Inj ε 0 , t ě 0 and r, ε ą 0 
and B G 2ε 0 has no nontrivial element with order less than or equal to n.
We claim that for ε ď ε 0 and g P G if IpρpgqΓ 0 , G 0 {Γ 0 q ą 2nℓε, then IpgΓ, Xq ą ε. Theorem 1.3 will follow from the claim and the assumption of the lemma. Now we prove the claim. Suppose g 1 , g 2 
2nℓε and IpρpgqΓ 0 , G 0 {Γ 0 q ą 2nℓε, one has g´1pg´1 1 g 2 q n g P ker ρ. where in the second equality we use the assumption that F is a fundamental domain of the periodic orbit U x. All the rest parts of the proof are the same if we change the use of (4.13) by (4.18).
Proof of Corollary 1.7. Let f P C 8 c pU q with f ě 0 and ş U f dµ U " 1. Let ν be the probability measure on X defined by It follows from Theorem 1.5 that the assumption of [17, Theorem 3.1] holds for the function ψp¨q´ş X ψ dµ X and the measure ν on X. Therefore (1.12) holds for µ U almost every h P supp f . By taking a countable family tf n u of such f with Ť supp f n " U one gets Corollary 1.7.
